In the case where nonlinearities are superquadratic at infinity, we study the existence of ground state homoclinic orbits for damped vibration systems without periodic conditions by using variational methods. Here the (local) Ambrosetti-Rabinowitz superquadratic condition is replaced by a general superquadratic condition. MSC: 49J40; 70H05
Introduction and main result
We shall study the existence of ground state homoclinic orbits for the following damped vibration system:
u(t) + Mu(t) -L(t)u(t) + H u t, u(t) = , t ∈ R, (.)
where M is an antisymmetric N × N constant matrix, L(t) ∈ C(R, R N×N ) is a symmetric matrix, H(t, u) ∈ C  (R × R N , R) and H u (t, u) denotes its gradient with respect to the u variable. We say that a solution u(t) of (.) is homoclinic (to ) if u(t) ∈ C  (R, R N ) such that
u(t) →  andu(t) →  as |t| → ∞. If u(t) ≡ , then u(t) is called a nontrivial homoclinic solution.
If M =  (zero matrix), then (.) reduces to the following second order Hamiltonian system:
u(t) -L(t)u(t) + H u t, u(t) = , t ∈ R.
(  .  ) This is a classical equation which can describe many mechanic systems, such as a pendulum. In the past decades, the existence and multiplicity of periodic solutions and homoclinic orbits for (.) have been studied by many authors via variational methods; see [-] and the references therein. The periodicity assumption is very important in the study of homoclinic orbits for (.) since periodicity is used to control the lack of compactness due to the fact that (.) is set on all R. However, non-periodic problems are quite different from the ones described in periodic cases. Rabinowitz and obtained the existence of homoclinic orbit for non-periodic (.) under the Ambrosetti-Rabinowitz (AR) superquadratic condition:
where μ >  is a constant, (·, ·) denotes the standard inner product in R N and the associated norm is denoted by | · |. We should mention that the case where M = , i.e., the damped vibration system (.), only a few authors have studied homoclinic orbits of (.); see [-]. Zhu [] considered the periodic case of (.) (i.e., L(t) and H(t, u) are T-periodic in t with T > ) and obtained the existence of nontrivial homoclinic solutions of (.). The authors [-] considered the non-periodic case of (.): Zhang and Yuan [] obtained the existence of at least one homoclinic orbit for (.) when H satisfies the subquadratic condition at infinity by using a standard minimizing argument; By a symmetric mountain pass theorem and a generalized mountain pass theorem, Wu and Zhang [] obtained the existence and multiplicity of homoclinic orbits for (.) when H satisfies the local (AR) superquadratic growth condition: (L  ) There is a constant β >  such that
which were firstly used in [] . It is not hard to check that the matrix-valued function
We define an operator J :
We are interested in the indefinite case:
We assume the following.
(H  ) There are constants c  , r  >  and σ >  such that
Now, our main result reads as follows. Remark . Although the authors [] have studied the superquadratic case of (.), it is not hard to check that our superquadratic condition (H  ) is weaker than the condition (.) (see Example .). Moreover, we obtain the existence of ground state homoclinic orbits of (.), i.e., nontrivial homoclinic orbits with least energy of the action functional of (.).
Example . Let
H(t, u) = g(t) |u| p + (p -)|u| p-ε sin  |u| ε /ε , where p > ,  < ε < p -
and g(t) >  is continuous. It is not hard to check that H satisfies (H  )-(H  ) but does not satisfy (.).
The following abstract critical point theorem plays an important role in proving our main result. Let W be a Hilbert space with norm · and have an orthogonal decom- 
we define |u|
where W fin denotes various finite-dimensional subspaces of W , = , since id ∈ . We shall use the following variant weak linking theorem to prove our result.
Assume that 
The rest of the present paper is organized as follows. In Section , we give some preliminary lemmas, which are useful in the proof of our main result. In Section , we give the detailed proof of our main result.
Preliminaries
In this section, we firstly give the variational frameworks of our problem and some related preliminary lemmas, and then give the detailed proof of the main result.
In the following, we use
be a Hilbert space with the inner product and norm given, respectively, by
Since M is an antisymmetric N × N constant matrix, J is self-adjoint on E. Moreover, we denote by χ the self-adjoint extension of the operator - for all  ≤ p ≤ +∞.
By Lemma ., it is easy to prove that the spectrum σ (χ) has a sequence of eigenvalues (counted with their multiplicities)
and the corresponding system of eigenfunctions
By (J  ), we may let
Then one has the orthogonal decomposition
with respect to the inner product ·, · W . Now, we introduce, respectively, on W the following new inner product and norm:
Clearly, the norms · and · W are equivalent (see [] ), and the decomposition W = W -⊕ W + is also orthogonal with respect to both inner products ·, · and (·, ·)  . For problem (.), we consider the following functional:
Then can be rewritten as
In view of the assumptions of H, we know , I ∈ C  (W , R) and the derivatives are given by 
Moreover, it is easy to verify that if u ≡  is a solution of (.), then u(t) →  andu(t) →  as |t| → ∞ (see Lemma . in []).
In order to apply Theorem A, we consider
It is easy to see that λ satisfies conditions (a) By Fatou's lemma and the weak lower semicontinuity of the norm, we have
which means that λ is | · | ω -upper semicontinuous. λ is weakly sequentially continuous on W is due to [] . To continue the discussion, we still need to verify condition (d) in Theorem A.
Lemma . Under the assumptions of Theorem ., we have the following facts:
where
Proof (i) Under assumptions (H  ) and (H  ), we know for any ε >  there exists C ε >  such that
and
which implies the conclusion.
(ii) Suppose by contradiction that there exist u n ∈ W -⊕ R + z  such that λ (u n ) >  for all n and u n → ∞ as n → ∞. Let v n :=
Thus s n → s =  after passing to a subsequence, v n v and v n → v a.e. on R. Hence, v = sz  + v -=  and, since |v n | → ∞ if v = , it follows from (H  ) and Fatou's lemma that
contrary to (.). The proof is finished.
Applying Theorem A, we soon obtain the following facts.
Lemma . Under the assumptions of Theorem
., for almost all λ ∈ [, ], there exists a sequence {u n } such that sup n u n < ∞, λ (u n ) → , λ (u n ) → c λ ∈ κ, sup Q .
Lemma . Under the assumptions of Theorem
Proof Let {u n } be the sequence obtained in Lemma ., write u n = u
Since {u n } is bounded, {u + n } is also bounded, then u n u λ and u + n u + λ in W , after passing to a subsequence.
We claim that u
It follows from the definition of , Hölder's inequality, and (.) that
It follows from (.) and Lemma . that
which contradicts with the fact that λ (u n ) ≥ κ. Hence, u + λ = , and thus u λ = . Note that λ is weakly sequentially continuous on W , thus
By (H  ), Fatou's lemma, and Lemma ., we have
Thus we get λ (u λ ) ≤ supQ . http://www.advancesindifferenceequations.com/content/2014/1/230
Lemma . Under the assumptions of Theorem ., there exists λ n →  and {u λ n } such that
Moreover, {u λ n } is bounded.
Proof The existence of {u λ n } such that
is the direct consequence of Lemma .. To prove the boundedness of {u λ n }, arguing by contradiction, suppose that
e. in R, after passing to a subsequence.
Recall that λ n (u λ n ) = . Thus for any ϕ ∈ W , we have
Consequently {v λ n } satisfies
For r ≥ , let h(r) := inf H(t, u) : t ∈ R and u ∈ R N with |u| ≥ r .
By (H  ) and (H  ), we have h(r) >  for all r > . By (H  ) and (H  ), for |u| ≥ r  , 
.
from which we have
Invoking (H  ), set τ := σ /(σ -) and σ = τ /. Since σ >  one sees τ ∈ (, +∞). Fix arbitrarilyτ ∈ (τ , +∞). By (.) and the fact h(r) → ∞ as r → ∞, we have
as b → ∞ uniformly in n, it follows from v λ n = , Hölder's inequality, and Sobolev's embedding theorem that
as b → ∞ uniformly in n. By (.) and u λ n → ∞, for any fixed  < a < b,
for all n. By (H  ), (.), and (.), we can take b ε ≥ r  large so that
for all n. Note that there is γ = γ (ε) >  independent of n such that |H u (t, u λ n )| ≤ γ |u λ n | for t ∈ n (a ε , b ε ). By (.) there is n  such that n (a ε ,b ε ) (H u (t, u λ n ), λ n v
for all n ≥ n  . Therefore, the combination of (.)-(.) implies that for n ≥ n  , we have 
